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Abstract. Nonequilibrium fluctuations of a tagged, or distinguished particle 
in a class of one dimensional mean-zero zero-range systems with sublinear, 
increasing rates are derived. In Jara-Landim-Sethuraman (2009), processes 
with at least linear rates are considered. 

A different approach to establish a main "local replacement" limit is re- 
quired for sublinear rate systems, given that their mixing properties are much 
different. The method discussed also allows to capture the fluctuations of a 
"second-class" particle in unit rate, symmetric zero-range models. 



1. Introduction and Results 

Zero-range processes follow a collection of random walks on a lattice which in- 
teract in the following way: Informally, a particle at a location with k particles dis- 
places by j with infinitesimal rate {g{k)/k)p{j) where the process rate g : No ^ ^+ 
is a function on the non-negative integers, and p(-) is a translation-invariant single 
particle transition probability. These processes have served as formal models for 
types of queuing, traffic, fluid, granular flow etc. A review of some of the applica- 
tions can be found in [2]. 

Different behaviors may be found by varying the choice of rate g, when say p is 
symmetric and nearest-neighbor. For instance, the spectral gap or mixing properties 
of the system defined on a cube of width n with k particles depend strongly on the 
asymptotic growth of g. For a class of models, when g is on linear order, the gap 
is order and does not depend on k [10] . However, when g is the unit rate, 
g{x) = l{x > 1}, the gap is of order -I- where p = k/n [12]. Also, when 

g is sub-hnear, of form g{x) — x'^ for < 7 < 1, the gap is of order + p)'^^^ 

m- 

We will consider "attractive" models, that is those with increasing rates g, on one 
dimensional tori T^r = l/NI. We will also assume g is either bounded or sublinear 
of a certain type. In addition, we suppose the jump probability p is finite-range 
and mean-zero. The aim of the article is to understand certain "nonequilibrium" 
scaling limits of a distinguished, or tagged particle in this setting. 

Because of the particle interaction, the tagged particle is not Markovian with 
respect to its own history. However, one expects that its position to homogenize 
to a diffusion with parameters given in terms of the "bulk" hydrodynamic density. 
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Although fluctuations of Markov processes are much examined (cf. Komorowski- 
Landim-Olla [9]), and there are many central limit theorems for types of tagged 
particles when the system is in "equilibrium" (cf. Kipnis-Varadhan 8 , Saada [IB] . 
Sethuraman |17j). much less is understood when particles both interact nontrivially, 
and begin in "nonequilibrium" . 

In this context, the only previous work treating a general class of interacting 
particle systems in a systematic way is Jara-Landim-Sethuraman j6] which proves 
a nonequilibrium functional central limit theorem for a class of zero-range processes 
whose rates g have at least linear growth, that is g{k) > cik for a ci > 0. The 
proof in ^ relies on an important estimate, a "local" hydrodynamic limit, which 
however makes strong use of the linear growth of g, in particular that the spectral 
gap on a localized cube does not depend on the number of particles in the cube. 
Unfortunately, this proof does not carry over to the bounded or sublinear rate case. 

A main contribution of this article is to supply a different approach for the main 
"local replacement" (Theorem II. 6p with respect to a class of increasing, bounded 
or sublinear rate zero-range models so that the nonequilibrium limit for the tagged 
particle can be established (Theorem ll.2|) . As in [6], a consequence of the argument 
is that the limit of the empirical density in the reference frame of the tagged particle 
can be identified as the hydrodynamic density in the frame of the limit tagged 
particle diffusion (Theorem II. 3p . 

We remark the approach taken here with respect to the "local replacement" is 
robust enough so that it can apply to determine the nonequilibrium fluctuations of 
a "second-class" particle, and associated reference frame empirical density, in the 
symmetric unit rate case, that is when g{k) — l{k > 1} (Theorems ll.4l [T75|) . This 
is the first work to address a nonequilibrium central limit theorem for a second-class 
particle. 

Finally, we mention other central limit theorems for a tagged particle which take 
advantage of special features in types of exclusion and interacting Brownian motion 
models can be found in Jara and Landim [5 , Jara 14 , and Grigorescu [3!. Note also 
"propagation of chaos" results yield homogenization limits for the averaged tagged 
particle position in simple exclusion, Rezakhanlou [15 

Let now = {^t(a;) : x G Tjv} be the zero-range process on Tn = Z/iVZ 
with single particle transition probability p{-) and process rate g : Nq — > M+. We 
will assume that g{0) = 0, g{l) > 0, and that g is increasing (or "attractive"), 
g{k -l- 1) > g{k) for fc > 1. In addition, throughout the paper, and in all results, we 
impose one of the following set of conditions (B) or (SL): 

(B) g is bounded: For fc > 1, there are constants < gq < ai such that 
ao < ^(fc) < «!■ 

Before specifying the class of sublinear rates considered, let W{1, fc) be the inverse 
of the spectral gap of the process defined on the cube A; — {—l,...,l} with fc 
particles, when the transition probability p is symmetric and nearest-neighbor (cf. 
Section [2] for more definitions). 

(SLl) g is sublinear: limfe^oo ^(fc) = oo, g(k)/k : N — > M-(- is decreasing, and 
lim/j^oo 5(fc)/fc = 0. In particular, since g is increasing, there exists con- 
stants ao,ai > such that ao < g{k) and g{k)/k < ai, fc > 1. 

(SL2) g is Lipschitz: There is a constant 02 such that \g{k -f 1) — g{k)\ < a2 for 
fc > 0. 
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(SL3) The spectral gap satisfies, for all constants C and / > 1, that 

lim iV-i max k^WiLk) = 0. (1.1) 

N^oo l<fe<ClogJV 

It is proved in Lemma 12.21 that all processes with bounded rates g satisfy (jl.ip . 
In addition, by the spectral gap estimate [13', processes with rates g{k) = fc^ 
for < 7 < 1 satisfy ()1.1|) . In addition, we will assume that p is finite-range, 
irreducible, and mean-zero, that is 

(MZ) There exists i? > such that p{z) = for \z\ > R, and J2 ^Pi^) = 0- 

We also will take the scaling parameter N larger than the support of p(-). 

Denote hy = Nq " the state space and by ^ the configurations of flN so that 
^(x), X G Tn, stands for the number of particles in site x for the configuration ^. 
The zero-range process is a continuous-time Markov chain generated by 

i^Nfm = E E^^W5(e(^))[/r'^+^)-/(c)] , (i-2) 

where ^^''^ represents the configuration obtained from ^ by displacing a particle 
from X to y: 

{^(x) — 1 for z = X 
ay) + l forz = y 
^(z) for z^x,y. 

The zero-range process ^{t) has a well known explicit family product invariant 
measures /2(p, < if < lim g{k) —: 5(00), on J7jv defined on the nonnegative integers, 

I in'' _ 1 

lJ-v{i{x)^k) = — for k>l and /2^(C(2:) = 0) = — 

Zj^p g{K)i 

where ^(fc)! — 5(1) ■ • • ^(fc) and is the normalization. Denote by p(}p) the mean 
of the marginal p{ip) = ~ Since g is increasing, the radius 

of convergence of Z^p is g{oo), and lim^-j^gfo^) p(ip) = 00. As p(0) — and p{ip) is 
strictly increasing, for a given < p < 00, there is a unique inverse ip = ip{p). 
Define then the family in terms of the density p as /Xp = Pip[p) ■ 

Now consider an initial configuration ^ such that ^(0) > 1, and let fi* C be 
the set of such configurations. Distinguish, or tag one of the particles initially at 
the origin, and follow its trajectory Xt, jointly with the evolution of the process 
^t. It will be convenient for our purposes to consider the process as seen by the 
tagged particle. This reference process 774(2;) — £,t{x + Xt) is also Markovian and 
has generator in form = -Z^™" + L^, where Lj^^ , are defined by 

{LTfM = E Ep(^)5(^(^)) [/(^^•^+^) - fiv)] 

a;eTjv\{0} z 

+J2piy^9{vm^^^^[f{v'-')- fiv)] , (1.3) 

y 

(L'smv) = E^^(^) [/(^^^) - /(^)] ■ 
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In this formula, the translation 9z is defined by 

{rj[x + z) for x 7^ 0, —z 
Tj{z) + 1 for X = 
rj{0) — 1 for X = —z. 

The operator corresponds to jumps of the tagged particle, while the operator 
ilJ*" corresponds to jumps of the other particles, called environment. 

A key feature of the tagged motion is that it can be written as a martingale in 
terms of the reference process: 

xt = - Ej'^-^*(j') + f^-^^^' = Ej'^^*(j') ' (1-4) 

j 3 VsK ) ■ 

where tn = jp{j) = is the mean drift, Nt{j) is the counting process of trans- 
lations of size j up to time t, and Mt{j) = Nt{j) — p{j) Jq g{risiO))/ils{0)ds is its 
corresponding martingale. In addition, Mf{j)—p{j) (7(773 (0))/77s(0)c?s are martin- 
gales which are orthogonal as jumps are not simultaneous a.s. Hence, the quadratic 
variation of Xt is {X)t = g{r]s{0))/ris{0)ds where cr^ — Yl,Pp{j)- 

For the reference process 774, the "Palm" or origin size biased measures given 
by dvp = {ri{0) / p)dfip are invariant (cf. [T3], [IS])- Note that fp is also a product 
measure whose marginal at the origin differs from that at other points x ^ 0. Here, 
we take vq = 61,^, the Dirac measure concentrated on the configuration with 
exactly one particle at the origin, and note that Vp converges to as p 4, 0. 

The families {/i^ : p > 0} and {i/p : p > 0} are stochastically ordered. Indeed, 
this follows as the marginals of /ip and Up are stochastically ordered. Also, since 
we assume that g is increasing, the system is "attractive," that is by the "basic 
coupling" (cf. Liggett [11 ) if dR and dR' are initial measures of two processes 
and and dR ^ dR' in stochastic order, then the distributions of <^t and are 
similarly stochastically ordered [11]. We also note, when p is symmetric, that pp 
and Vp are reversible with respect to Cn, and Ln and L'j^" respectively. 

From this point, to avoid uninteresting compactness issues, we define every pro- 
cess in a finite time interval [0, T], where T < cx) is fixed. Let T be the unit torus 
and let A^-)-(T) be the set of positive Radon measures in T. 

For a continuous, positive function po : T ^ M+, define p,^ — M^(.) the 
product measure in given by p'^^^,^{r]{x) = A:) = A*po(a;/Af)(^(a;) = k). 

Consider the process =: Ctw^, generated by N'^Cn starting from initial mea- 
sure M^. Define the process 7rf'° in P([0, T], 7W+(T)) as 

TTt'^{du) = ^ E ^t{x)5^iN{du) , 

where 5u is the Dirac distribution at point u. 

The next result, "hydrodynamics," under the assumption p(-) is mean-zero, is 
well known (cf. De Masi-Presutti [T, Kipnis-Landim [7]). 

Theorem 1.1. For each < t < T , tt^'^ converges in probability to the determin- 
istic measure p{t,u)du, where p{t,u) is the solution of the hydrodynamic equation 

J dtp = <J^d^ip{p) , . 

\ p{0,u)^po{u), ^'■^> 
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and ip{p) = /g(^(0))d/ip. 

We now state results for the tagged particle motion. Define the product measure 
'^'^ = '^Poi-) gi'^*'" '^poi-)'^'^'^^') = fc) = i'p„(x/N){v{x) = k), and let ryf =: 

rjtN^ be the process generated by N'^Lm and starting from the initial measure . 
Define the empirical measure tt^ in ^([O, T], A^+(T)) by 

7rf (du) = ^ XI Tit {^)^x/N{du). 

Let also — Xfq2i be the position of the tagged particle at time N'^t. 
Define also the continuous function : IR+ — s> M+ by 

Note V'(p) = ^{p)l P for P > 0, and V'(O) = The first main result of the article 
is to identify the scaling limit of the tagged particle as a diffusion process: 

Theorem 1.2. Let = /N he the resettled position of the tagged particle 
for the process . Then, {x^ : t G [0,T]} converges in distribution in the uni- 
form topology to the diffusion {xt : t Cz [0,T]} defined by the stochastic differential 
equation 

dxt = cr yjil;{p{t,xt)) dBt , (1.6) 
where Bt is a standard Brownian motion on T. 

In terms of this characterization, we can describe the evolution of the empirical 
measure as seen from the tagged particle: 

Theorem 1.3. We have {tt^ : t e [0,T]} converges in distribution with respect to 
the Skorohod topology on I)([0, T], A^+(T)) to the measure-valued process {p{t,u-\- 
Xt)du : t G [0,T]}, where p{t,u) is the solution of the hydrodynamic equation il.5\) 
and Xt is given by (|1.6p . 

When the rate g{k) = l{k > 1}, scaling limits of a "second-class" particle can 
also be captured. Informally, such a particle must wait until all the other particles, 
say "first-class" particles, have left its position before it can displace by j with rate 
p{j). More precisely, its dynamics can be described in terms of its reference frame 
motion. For an initial configuration ^ such that ^(0) > 1, let Ct{x) = £,t{x-\-Xt)—do^x, 
where Sa,b is Kronecker's delta, be the system of first-class particles in the reference 
frame of the second-class particle. The generator £,n takes form £jv = + 
where 

{^Tfm - E Ep(^) ^ 1} - /(c)] , 

(ii^/)(C) = EpWi{C(o)-o}[/(r,c)-/(C)] 

z 

where is the pure spatial translation by z, {TzC){y) = Civ + ^) for y G T^. 
Then, as for the regular tagged particle, we have 
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where, m = J^jjpU) = is the mean drift, Nt{j) is the counting process of 

translations of size j up to time t, and A4t{i) — -^tij) ~ p{j) Jq 1{Cs(0) = 0}ds 

are the associated martingales. As before, since — p{j) /q l{Cs(0) — Q}ds 

are orthogonal martingales, the quadratic variation of Xt is = cr^ Jq 1{Cs(0) — 
0}ds. 

For the second-class reference process Ct, under the assumption p(-) is symmetric, 
the family dKp = (1 + p)~^{C{0) + ^)df^p for p > are invariant. We remark that 
symmetry of p(-) is needed to show Kp are invariant with respect to the second-class 
tagged process. 

Let — -J be the product measure with k^^- -j(C(a;) — k) — Kpo(x/N){C{^) = 
k). Let also Ct^ — Cn'^i be the process generated by N'^£n starting from k^. Cor- 
respondingly, define empirical measure tt^ '^(du) — {^/N)J2x£T„ Ct^ i^)^x/Nidu). 
In addition, let 

xip) = I i{C(o) = 0}dKp ^ TT^I i^^(o) = ^ JTTW ' 

In the case g{k) — l{k > 1}, ip{p) — p/[l + p]. Denote by p^ the solution of 
p.Sp with such function tp. We may now state results for the second-class tagged 
motion. 

Theorem 1.4. Suppose p{ ) is symmetric. Lety^ — /N be the rescaled position 
of the second-class tagged particle for the process (^^ . Then, {y^ : t £ [0,T]} 
converges in distribution in the uniform topology to the diffusion {yt : t £ [0,T]} 
defined by the stochastic differential equation 

dyt=(T^x{p\t,yt))dBt , (1.7) 
where Bt is a standard Brownian motion on T. 

Theorem 1.5. Suppose p{-) is symmetric. Then, {vrf'^ : t € [0,T]} converges 
in distribution with respect to the Skorohod topology on I?([0, T], A4+(T)) to the 
measure-valued process {p^{t, u -\- yt)du : i G [0, T]} where yt is given by (|1.7|) . 

The outline of the proofs of Theorems ll.2|[TT51ll.4l and ll.5l are given at the end of 
this section. We now state the main replacement estimate with respect to process 
riP for a (regular) tagged particle. A similar estimate holds with respect to process 
C,^ and a "second-class" particle, stated in the proof of Theorem [L4l As remarked 
earlier, this replacement estimate is the main ingredient to show Theorems 11.21 and 

Denote by the probability measure in X'([0, T] , Oat) induced by the process r]^ , 
starting from initial measure v, and by Ei, the corresponding expectation. When 
V = , we abbreviate P^n = and E^^n = E^. With respect to process 
denote the probability measure in I?([0, T], O^v) starting from measure p, and 
the associated expectation. Denote also by Ep\K\ and {h)p the expectation of 
a function h : Hn — >■ R with respect to the measure p; when p — Vp, let Ep[h], {h)p 
stand for E^^[h], {h)^^. Define also inner product {f,g)fi — Ep[fg], and covariance 
{f:9)p, = Efilfg] — Ep[f]Ep[g] with the same convention when p — Vp. To simplify 
notation, we will drop the superscript TV in the speeded- up process rj^ . 
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For £ > and I > 0, let 



\y\<i 

Theorem 1.6. Let h :N ^ R+ be a positive, bounded, Lip schitz Junction such that 
there exists a constant C such that h(k) < C[g{k)/k] for fc > 1. Then, 



lim sup lim sup lim sup lim sup . 



Hvsm 



eN 



1 







where H{p) = E,^[h{7]{0))], Hi{r,) - H{r,'{0)), and Hi{p) - Ef,^[Hi]. 

We now give the outlines of the proof of the main theorems. 

Proofs of Theorems and \1.S\ . First, the replacement estimate, Theorem II. 6[ 
applies when h{k) = g{k)/k: Under the assumptions on g, clearly h is positive, 
bounded, and Lipschitz. Given Theorem 11.61 the proof of the main theorems 
straightforwardly follow the same steps as in 6 . Namely, (1) tightness is proved 
for {x^ , , TTj TT^) where = {x^) is the quadratic variation of the martin- 



gale x^ . (2) Using the hydrodynamic limit. Theorem 1 1.1[ one determines the limit 



points of TT^'", and tt^^ = t^ntt"''^ . Limit points of A^^ are obtained through the 
replacement estimate. Theorem 11.61 Finally, one obtains limits of are charac- 
terized as continuous martingales with certain quadratic variations. Theorems 11.21 
and 11.31 follow now by Levy's theorem. More details on these last points can be be 
found in [6]. □ 



N.O 



Proofs of Theorems \1.4\ and \1.5[ The proofs follow the same scheme as for Theorems 
11.21 and ll. 31 given a replacement estimate. One can rewrite Theorem 11.61 in terms 
ofCf: 

lim sup lim sup lim sup lim sup 



>0 



N^oo 



E 



N 



1 

a; — 1 



= 



lim sup lim sup lim sup lim sup . 



sec 



1 



eN 
x=l 







Here, h{k) = l{k = 0}, H{p) = E^^[hiaO))], i/^C) = i?(C'(0)), and Hi{p) = 
Efj_^[Hi]. Also, is the process expectation with respect to Ci^. 

Given dup = (1 -I- p)~^dp,p + p{l + p)~^diyp, the proof of this replacement follows 

□ 



quite closely the proof of Theorem 11.61 with straightforward modifications. 

The plan of the paper now is to give some spectral gap estimates, "global," "local 
1-block" and "local 2-blocks" estimates in sections [H [31 HI and [SJ which are used 
to give the proof of Theorem 11.61 in Section 15.21 

For simplicity in the proofs, we will suppose that p(-) is symmetric, and nearest- 
neighbor, but our results hold, with straightforward modifications, when p{-) is 
finite-range, irreducible, and mean-zero, because mean-zero zero-range processes 
are gradient processes. 
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2. Spectral gap estimates 

We discuss some spectral gap bounds which wiU be useful in the sequel. For 
I > 0, let Ai — {x : \x\ < ^} be a cube of length 2/ + 1 around the origin, and let 
i/p and /Xp' be the measures i^p and /ip restricted to A;. 

For j > 0, define the sets of configurations Sa, j- = {?? G Nq' : J2xgAi '^(^) = j}' 
and '^X^ j = {?7 e Nq' : 77(0) > 1, X^ajeAi ^(^) = ^i- Define also the canonical 
measures VKi,j{) — ' ( • I^a, j)' ^^^"^ A*Aij(-) = /"p' ( • I^Aij)- Note that both 
z^A, . j and /iAi ,j do not depend on p. 

Denote by ^Ca; , ^a™ restrictions of the generators C n , i™*' on Sa, , j , Sa; j ' 
respectively. These generators are obtained by restricting the sums over a:, y, z in 
(|1.2p and (|1.3p to x, 2: + z, y G A;. Clearly, j^Aj j, MA, j" are invariant with respect to 
L™", £a,, respectively. Denote the Dirichlet forms D(^Azj, /) = (/, {-'^kJ)) iiAi.j 
and D{viy^j, f) = (/, (-i;^™/))^^^ ^. . One can compute 



2:,a6A, 

a:eA,\{0} yeAi 



2 ^ 

zSA, 



env 



Let and W'^^'"{l,j) be the inverse of the spectral gaps of £a, and L' 

with respect to Sa, j- and ^ respectively. In particular, the following Poincare 
inequalities are satisfied: For all functions. 

In the next two lemmas, we do not assume that g is increasing. We first relate 
the environment spectral gap to the untagged process spectral gap. 

Lemma 2.1. Suppose on . that a^^ < fli^) / 9ivi^)) ^ J^o^- Then, for j > I, 
we have that < (aia^^j^WHJ - 1). 

Proof. Note i^^, [g(?7(0))/(?7)] = ^ip)E^^[f'iv)] with /'(t?) = /(?7 + f)o), where we 
recall Oq is the configuration with exactly one particle at the origin. By a suitable 
change of variables one can show that Z3(/iA, j-i, /') < oiOq ^jZ3(j^A; j, /)• 
By the assumption on g, for every c G M, 



E.^Jif - E^.^jy] < 



The change of variables rj' = rj — do and an appropriate choice of the constant c 
permits to rewrite last expression as 

ai%'jE^,^^^_,[{f - i?p,„,_J')'] < a^a,'jW{l,j - l)i?(/.A„,-i, /') , 
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where the last inequahty follows from the spectral gap for the zero range process. 
By the observation made at the beginning of the proof, this expression is bounded 

by 

{aia^'j fWil,j-l)Diiy^,^,J) , 
which concludes the proof of the lemma. □ 

Lemma 2.2. Suppose g satisfies oo < g{k) < ai for k > 1, and lim/;-|-oo g{k) — L. 
For every a > 0, there is a constant B = Ba such that W{l,j) < B'' {1 + a)^ {I + j)'^ . 

Proof. We need only establish, for all functions /, that 

< B\l + ay{l+j)^Dif,^,,„f). 

To argue the bound, we make a comparison with the measure fJ-Aij when g{k) = 
\{k > 1}. Denote this measure by j, and recall, by conversion to the simple 
exclusion process (cf. [lOl Example 1.1], [H]), that 

E,iJ{f-E,.^jr] < h,{l+3fD^.^Jf) (2.1) 

for some finite constant 6o- Write 

E,.,Aif - E,.,jf] = infi?^,,,^.[(/-cf] 

Without loss of generality, we may now assume that L — 1 since we can replace g 
by its scaled version, g' = g/L, in the above expression. 

For /? > 0, let rg be so large that 1 — /? < g{z) < 1 + /3 for z > rg. Then, 

9{v{x))\ 

This bound is achieved by overestimating the first tq factors by the bound aol{z > 
1} ^ 9{z) < fli, and the remaining factors by 

n+p)-n{^) < — ^ < 

where by convention an empty product is defined as 1. 

As there are 21 + 1 sites, we bound the right hand side of the displayed expression 
appearing just below (12. ip by 

(a„ [(1 + m - l3)-'y E^.^^^ [(/ - E^.^^jf] . 

By the spectral gap estimate (12.11) and the same bounds on the Radon-Nikodym 
derivative of djj\^ ^/d/XA, , the previous expression is less than or equal to 

(ag [(1 + /?)(1 - /3)-^p6o(? + (/) . 

We may now choose /3 — /3(a) appropriately to finish the proof. □ 

We claim that for any constant C > 0, 

lim — max W^'^aj) = 0. (2.2) 

Af^oo iV l<j"<CnogAr 

Indeed, under the conditions (SL) this follows by Lemma 12.11 and by assumption 
(SL3). On the other hand, under the condition (B), by Lemma [221 we may choose 
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a appropriately to have inaxi<j<cnog jv W{l,j) < C2{i)N^^'^- This proves (|2.2p in 
view of Lemma 12.11 

3. "Global" replacement 

In this section, we replace the full, or "global" empirical average of a local, 
bounded and Lipschitz function, with respect to the process 77s, in terms of the 
density field tt^. The proof involves only a few changes to the hydrodynamics 
proof of [3 Theorem 3.2.1], and is similar to that in [5]. However, since the rate g 
is bounded, some details with respect to the "2-blocks" lemma below are different. 

Proposition 3.1 ("Global" replacement). Let r : il^ — !• R 6e a local, bounded and 
Lipschitz function. Then, for every d > 0, 

lim sup lim sup 



N- 



r 1 

/ ]^ X! TxVeN{Vs)ds > 8 

™ ^TP _ _ 



where 



\y\<i 



Denote by the entropy of /i with respect to v. 

'H{p\v) = sup I J fdfj, — log J e-^dv^ , 

where the supremum is over bounded continuous functions /. 

We may compute, with respect to the product measures ^'^j.) and Vp, that the 
initial entropy T^{'^^g(.)Wp) ^ CqN for some finite constant Cq depending only on 
Po{-) and g. Let f^{ri) be the density of rjt under with respect to a reference 
measure Vp for p > 0, and let fl^{r]) = Jq f^{v)ds. By usual arguments (cf. 
Section V.2 [T), 



HNifn ■■= n{f^dvp\vp) < CoN and V^ifH := {\/ ft"" i-LN\/ fr)) ^ < ^ , 

where (u, v)p stands for the scalar product in L'^{vp), as defined in the first section. 

Consequently, to prove Proposition 13 . 1 1 it is enough to show, for any finite con- 
stant C, that 

limsuplimsup sup / T? Ta;VsN{ri)f{v)di^p = (3-1) 

e^O N^oo HN{f)<CN J J--' 
■DN(f)<C/N 

where the supremum is with respect to fp-densities /. 

We may remove from the sum in p.ip the integers x close to the origin, say 
|a;| < 2eN ^ as V^n is bounded. Now, the underlying reference measure Vp may be 
treated as homogeneous, and a standard strategy may be employed as follows. 

Proposition l3 . 1 I now follows from the two standard lemmas below. In this context, 
see also [1], and [7] where the same method is used to prove [Tl Theorem 3.2.1] and 
[71 Lemma V.1.10] respectively. 

Lemma 3.2 (Global 1-block estimate). 

'•^ 1 _ 

= . 



r /■ 1 

lim sup lim sup / — TxVk{r]s) ds 



\x\>2eN 
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The proof of Lemma 13.21 is the same as for [6l Lemma 5.2], and fohows the 
scheme of [71 Lemma V.3.1], usmg that g has "sub-hnear growth (SLG)". Details 
are omitted here. 

Lemma 3.3 (Global 2-block estimate), 
lim sup lim sup lim sup 



E 



N 



2Ne 



1 E ^ E \v^i^ + y)-v^i^)\ds 

\y\<Ne \x\>3eN 



Proof. We discuss in terms of modifications to the argument in [TJ Section V.4] 
The first step is to cut-off high densities. We claim that 



lim sup lim sup lim sup E 

j4— >CXD fc— >00 >C 



N 



1 

N 







J2 vU^n{v's{^)>A}ds 

\x\>3eN 

To prove this assertion, we first replace the sum over a; by a sum over all sites 
of Tjv- At this point, since the environment at time rjt is obtained from the system 
by a shift, we may replace the variable rjt by We need therefore to estimate 

i-T 



E„ 



po(-) 



eo(0) 



1 



Po{0)Jo N 



J2 e:{x)l{iU^)>A}ds 



Let p ~ ||/OoI|l°°7 a-nd note that /ip(,(.) is stochastically dominated by [ip. By at- 
tractiveness we may replace /^^(.) by /ip in the previous expression and bound this 
expectation by 



E 



1 



go(0) 



By Schwarz inequality, and noting that /ip is invariant with respect to the untagged 
process ^s, the last expression is of order A^^, which proves the claim. 

In view of the truncation just proved and the entropy calculations presented at 
the beginning of this section, to prove the lemma it is enough to show that for every 
A > 0, 

, 1 E W E ^x:y(j])!(j])dVp = 0. 



■D^{f)<C/N 



\y\<NE \x\>3eN 



where 



W^:yiv) = \vHx + y)-v\x)\l{max{r]\x),r]\x + y)}<A} 



The argument is now the same as in the proof of Lemma 5.3 j6j following ^ Section 
V.5]. □ 



4. "Local" one-block estimate 

We now detail a "local" one-block limit. Let /i : No — > K be a bounded, Lipschitz 
function, and H{a) — E^^[h{ri{0))]. Define also 
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Lemma 4.1 (One-block estimate). For every < t <T, 



lim sup lim sup E 



N 



Vi{ris) ds 











Proof. The proof is in four steps. 

Step 1. The first step is to introduce a truncation. Since the dynamics is not at- 
tractive, we cannot bound 77(0) > A for some constant ^ in a simple way. However, 
by considering the maximum of such quantities over the torus, we may rewrite the 
maximum in terms of the original system S.s , which is attractive: 



max rjs {x) 

Also, by simple estimates, recalling p = 



max^s(2;) > ClogA^ 



E 



= maxC,.(2:)- 

KG 11 jv 

PoIIl', we have that 
eo(0) 



Po(0) 



l{maxCs(a;) > ClogiV} 



< 



E 



6(0) 



Po(0) 



1 {max ^3(2;) > ClogiV} 



Under the stationary measure /Xp, the variables ^(a;) are independent and identi- 
cally distributed, with finite exponential moments of some order. Hence, by Cheby- 
chev's inequality, the last expression vanishes as N ^ 00 ioi a. well chosen constant 
C = Ci. Therefore, as ?7'(0) < max^; r]{x), it is enough to estimate 



E 



N 



where Gat,; = {77 : 7/'(0) < Ci logiV} 

Step 2. 
inequality, 



Step 2. Since the initial entropy 7^(i^^(. ji'p) is bounded by CqN ^ by the entropy 



E- 



N 



Vi{i^s)l{GNA{ils)ds 



< ^ + 4^1ogE.^ 

7 7A' 



exp ■ 



{7^1 Viij^,)l{GNj}iVs)ds\} 



We can get rid of the absolute value in the previous integral, using the inequality 
gbl < _|_ g-a: gy Feyuman-Kac formula, the second term on the right hand 
side is bounded by {'-fN)~-^TXNj, where Aat,; is the largest eigenvalue of N'^Ln + 
jNVi1{Gn.i}- Therefore, to prove the lemma, it is enough to show that {■^N)^^Xn,i 
vanishes, as f and then I ^ 00, for every 7 > 0. 

Step 3. By the variational formula for Ajv,;, 



(7A^) 



N.l 



sup 
/ 



[{Vi\{GnA f)p - J-'N{f{-LNf))p} , (4.1) 



where the supremum is carried over all densities with respect to Vp. As the 
Dirichlet forms satisfy {f{-L']^'''f))p < {f{-LNf))p (cf. [17, equation (3.1)]), we 
may bound the previous expression by a similar one where is replaced by i™'' . 

Denote by the conditional expectation of p given {rj{z) : z e A;}. Since 
Vi\{G]ss^{\ depends on the configuration x] only through \r\{z) : z G A;} and since 
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the Dirichlet form is convex, the expression inside braces in (|4.1|) is less than or 
equal to 

"viIIGnA f? du^' - j-'N I fi i-Lrfi) du^' . (4.2) 



The first term in this formula, decomposing in terms of canonical measures i^a, ,j , 
is equal to 

CiHog JV 



where the value of the constant Ci changed and 



The sum starts at j = 1 because there is always a particle at the origin. Note also 
that X]j>i Ci.j(/) = 1 and that j(0 is a density with respect to i^Aij- 
Also, the Dirichlet form term of (|4.2p can be written as 

r'N Y ciM) I hA-^LT:k,)dvA,,,. 

l<j<Cil\ogN '' 

In view of this decomposition, (j4.ip is bounded above by 



sup sup 

i<j<CinogJv / 

where the second supremum is over all densities with respect to v^i j ■ 

Step I Recall that Vi{7^) = /i(?7(0)) - i?(V(0)). Let Vi,j{7j) = Vi ~ E^^^ jVi]. By 
(12. 2p . N^^ inaxi<j<CinogAf VF'^"^(Z, j) vanishes as t c»- Then, as h is bounded, 
by Rayleigh expansion [7] Theorem A3. 1.1], for j < CillogN and sufficiently large 

\ifdvA,,, - l-'N [ f{-LT:f)dvA,,, 



< I yidr^M. + . oiu.ii, \..en.n ...,..-1 yiA-LT;r'v,,d.A^, 



7Ar-i 

l-2\\Vi\\L^W^"^{l,j)-fN-^ 
< I VidvA,^,+2^N-^ j Vu,{-Lt:)-^Vi,,dvA,^, . 

The second term is bounded as follows. By the spectral theorem, second term 
then is less than or equal to 

2W^^""(?,j)77V-i / Vi^^^dvA,^, < 8\\h\\l^W^^^il,jhN-' . (4.3) 



This expression vanishes as A^ t in view of 
On the other hand, the first term is written as 

Vi dz^A, J - J hMO)) dvA.^j - H{j/2l + 1) . 

By Lemma 14.21 below, this difference vanishes uniformly in j as I ^ oo. This proves 
that (|4.ip vanishes as A^ t oo and then I oo, finishing the proof. □ 
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Lemma 4.2. Let h : No ^ R be a bounded Lipschitz function which vanishes at 
infinity. Then, we have 



lim sup sup 

i— J-oo fc>l 







Proof. The argument is in three steps. 

Step 1. We first consider the case I <k < Kq. By adding and subtracting h{\), 
we need only estimate 

\E,,^.Ah{ijm]-h{l)\ and \E,^,^,^^[h{i^{m - h{l)\ . (4.4) 

The first term is bounded by 2||ft,||ioojyA,,A:{77(0) > 2}. To show that it vanishes as 
1 1 oo, note that -qifd) < k and that S^^^ [?7(0)] = k/{2l + 1) to write 

^^A.fcMO) > 2} = L^£; Jr;(0)l{r;(0) > 2}] 

For 2 < s < fc, we may write the canonical measure in terms of the grand canonical: 

t^p{J2o<\x\<i ^(^) = k - s} 

for any choice of the parameter p. Recall p.\^ ^ is the canonical measure when 
g{k) = l{k > 1}. In the numerator and the denominator, at least 2£ — k sites 
receive no particles. We may therefore replace in these sites the rate g by the rate 
constant equal to one with no cost. Since ao < g{£) < ai£, in the remaining sites we 
have that C{k)~^ < Gq < g(n)l < a"n! < C{k) ii n < k. The previous expression 
is thus bounded above by 

c(fc)Mi,fcM0) = 4 = cik) ( fc^J, )/( ^^^^ ) = 0{i-n- 

To bound the second term in (|4.4p . we proceed in a similar way. The absolute 
value of the difference E^^[h{ri{0))] — h{l) is bounded by 2 ||/i||oot'p{f7(0) > 2}. 
Last probability is equal to p~^Efj,^[ri{0) 1{77(0) > 2}]. Since g{n) > ao, change of 
variables rj' = ry — 2Do permits to bound the previous expression by Coip{p)'^[p + 2]/ p 
for some finite constant Co . Since g{n) < ain, ip{p) < aip. In conclusion, the second 
term in (14. 4p is bounded above by Cq \\h\\oo (k/l)'^, which concludes the proof of Step 
1. 

Step 2. Next, we consider the case in which Kq < k < B\Ai\ for some B < oo. 
By definition of the Palm measure, the difference E^,^^ ki^ivi^))] ^ -^I't/iA,! [^('^(O))] 
is equal to 

By [71 Corollary 1.7, Appendix 2.1], this expression is bounded above by Cok~^ for 
some finite constant Co. This expression can be made as small as need by choosing 
Ko large. 

Step 3. Finally, we consider the case k > -B|A/|. We shall take advantage of the 
fact that h vanishes at infinity. Fix A > to bound E^^^ ^ [h(ri(Q))] by 

^.A„. [Kvm IMO) < A}] + sup hix) 

x>A 
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By definition of the Palm measure and since the density fc/|A;| is bounded below 
by B, the first term is less than or equal to 

HifJ^i=,..„.W0)lh(O)<A)] < 

In view of the previous estimates, we see that the expectation E^^^ ^ [h(r]{0))] can 
be made arbitrarily small by choosing A and B sufficiently large. The expectation 
^^k/\Ai \ [^('/(O)] can be estimated similarly. □ 



5. Local two-blocks estimate 
In this section we show how to go from a box of size I to a box of size eN . 

Lemma 5.1 (Two-blocks estimate). Let H : R+ M &e a bounded, Lipschitz 
function, which vanishes at infinity, lim2:_>.oo H(x) — 0. Then, for every t > 0, 



lim sup lim sup lim sup E 

l~¥oo e-s-0 AT-j-c 



N 



{H{f^i{0))~^Y.H(^smd' =0- (5.1) 



eN 



eN 



Proof. The proof is handled in several steps. 

Step 1. As H is bounded, the expectation in (|5.1|) is bounded 



1 

7n 



eN 

E ^ 

x=il+2 



N 



{H{ri[m-H{r,[{x))]ds 



C4H\\l^I 
eN 



for some finite constant Cq. Hence, we need to estimate, uniformly over 41 
X < eN, 



2 < 



E 



N 







{Hi7^im^Hirjiix))}ds 



Step 2. Write 

H{^'{0))~H{rj'{x)) = Hir,'{0j)-H{^\2l + l)) + Hi,^\2l + l))-H{if{x)) 
We now claim that 



lim lim E 



N 



{H{rm)-H{vi{2l + l))}ds 







Indeed, since H{r]'^{0)) - H{r]\2l + 1)) is a function of A, = {-I, . . . , 3/ -M}, we 
may apply the "local 1-block" argument for Lemma 14.11 up to (j4.3p , with respect 
to V/ = H{ri^{0)) - H{'q'{2l + 1)). Now, in the last line of the proof of Lemma liH 
instead of using Lemma 14. 2[ we use Lemma 15.41 to show the expectation under the 
canonical measure z^^^ ^ vanishes, lim/^oo supfc>]^ i?^^ kl^i'] ~ ^■ 

Step 3. Therefore, we need only estimate when the integrand is H{rf{2l -f 1)) — 
H{ri\x)). As for the "local 1-block" development (Lemma 14. ip . we may introduce 
a truncation, and restrict to the set Gn.i,x = {v '■ ?7'(2Z + 1) + ri''{x) < 2Ci log A^}. 
That is, we need only bound, uniformly over x, 



N 



[H{t^[{21 + 1)) - H{7^[{x))\ 1{Gn..i,.} ds 
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Step 4- Following the first part of the proof of Lemma 14.11 appealing to entropy 
estimates and eigenvalue estimates, we need only to bound, uniformly in 4^ + 2 < 
X < eiV, 

sup {{[Hirj\2l + 1)) - Hirfix))]l{GM,i,.} , f)^ - Nj-\f, (-LAr/))p}, (5.2) 

where the supremum is over all density functions with / pdvp = 1. 

Since Vi^xi'n) = H{rf{2l + 1)) — H{rf{x)) does not involve the origin, we can 
avoid details involving the inhomogeneity at point in the following. Define disjoint 
blocks A; = {/ + 1, . . . , 3/ + 1} and Ki{x) = {x x + Let La, ^ be the 

restriction of L^™ to the set Ki^^ = AJ U A;(x), and define also Li ^ by 

+ ^5(rK3^ + l))[/(r?^'+^'^-')-/(ry)]. 

The operator Li ^ corresponds to zero-range dynamics where particles jump between 
endpoints 3Z + 1 and x — I. 

As a; < eiV, by adding and subtracting at most terms (cf. [7, p. 94-95], [TTJ 
equation (3.1)]), we have that 

Hence, 

(/,-(iV7-iLA,^+e-i7-iL,,,)/)^ < 2N^-^ {f {-Ln f)) p . 

and we may replace Nj^^Ln in by {1/2){Nj-^Lai,^ + e"^7~^L/,a;). 

Step 5. To simplify notation, we shift the indices so that the blocks are to the 

left and right of the origin. In particular, let A;^ = {~(2^ + I),-- •,—!}, A^ = 

{1, . . . , (2/ -f 1)} and Af = A," U A+. Configurations of Nq' wiU be denoted by 

A+ 

the Greek letter ry, while configurations of Nq' are denoted by the Greek letter C,. 
Recall 'Oz stands for the configuration with no particles but one at z. 

Consider the generator Lat^e,; with respect to Nq' , Ljv.e,; = N +N L'^ +e^^ . 
Here, 

{Lif){v, C) = E P^y - ^) aivi^)) [/(^"^', - f{v, C)] , 

a;,yeA+ 

(L?/)(r,,C) = (l/2)g(r;(-l))[/(,7-I)_i,C + c)i)-/(r?,C)] 

+ (1/2) 5(C(1)) [firi + C - Oi) - /(??, C)] • 

Note that inside each set A^ particles jump at rate TV while jumps between sets 
are performed at rate e~^. 
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Recall the restrictions of /ip to Nq ' , ' , Nq ' , respectively. 

The Dirichlet forms associated to the generators LJ , , L° are given by 

Dj, ififj) = (Li-L-f)) , Dj^^ipfj) = Ar > 

(5.3) 

A simple computation shows that the Dirichlet form can be written as 

2 

D^-{i^fj) = ^ f{fiv + ^.+iX)-fiv + ^.X)V4'idv,dO, 

x = -{2l+l) 

Doi^'J) = ^ f {f iv + ^-1,0 - fivX + ^i)r P^p' {dv,dC) . 



2 

In this notation, it will be enough, with respect to equation (|5.2p . to bound for 
a > the quantity 



sup 

/ 



- H{C^)] 1{GV,}, f)^ a{f, {-L^,,,f)),} , (5.4) 



where 77' = (2^ + 1)-! E.eAr vi^), C' = (2^ + 1)-! Ex6A+ Ci^)^ and G^^, = {(r;,C) : 
T]^ < 2Gi log N}. By convexity of the Dirichlet form, as in the proof of Lemma 
4.11 the supremum may be taken over functions / on Nq' such that (/^) a» =1, 



and the measure fip in (j5.4p may be replaced by /ip' . 

Step 6. This quantity is estimated in three parts. The first part restricts to the 
set S]^ I = {('y, C) '■ "ff + C ^ B} for some B fixed. In this case, where we have 
truncated at a fixed level B, we can use the "local 1-block" method of Lemma |4T] 
to show that 

sup{([i/(V)-i/(C')]l{5L},/') Ar - (-ijv,.,;/)) a;} 

vanishes as t ^ | and then 1 1 00. 

Indeed, by convexity considerations, we can decompose the expression in braces 
in terms of canonical measures /iA*.fe concentrating on k particles in A;*. Since for 
the generator LN.e,i jumps are speeded up by A^ inside each cube. 



{[H{rj^)-H{C^)]l{Sl,,},f)^^^^ - a(/,(-L^,,,/)) 



Ma* fc 



< ([i/(V)-i?(C')]l{5U'/')^,.., - ^^-'{f^-iW + Lt+Lff)),,,^^ 



Let Vi = [Hi'T]'') — 77(C')]l{S'j^ j}. Note that Vi has mean-zero with respect to /iA*,fc 
and that ||V;||l~ < 2\\H\\l^. By the Rayleigh estimate [3 Theorem A3. 1.1] and 
by the spectral gap, for k < 2{2l + 1)B, the previous expression is bounded above 

by 



l-A\\H\\L'^W*{l,k)a~^e 

< 2a-hW*il,k) [ V^'d^Ar.fe , 



where W*{1, k) is the inverse of the spectral gap of L + -I- L° with respect to 
the process on Aj* with k particles. As e J, 0, the previous expression vanishes. 
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Step 7. The second part now restricts to 5*^ ; = {(77, C) : C' > ^,v'' ^ ^} foi' 
some constant A. On this event, the sum H{rf ) + H{C,^) is absolutely bounded by 
2sup2>^ \H{z)\ so that 

{[H{r,')~H{C')\l{Sl,i},f) A. - a(/, (-L^r^e, J)) a,- < 2sup|iJ(z)I. 

t^p z>A 

Since H{n) vanishes as n t oOj the right hand side can be made arbitrarily small. 
Step 8. Let now S% i — Ai^^ Rn,i where Ai = {rj : rj' < A} and Rnj — {{fhO ■ 
-B < 77' + C' < 2Ci logiV}. This case is the difBcult part of the proof and is treated 
in Lemma [5^ below. □ 



The proof of Lemma 15.21 is reserved to the next subsection. 

Lemma 5.2. Suppose that B > AA. Then, for every a > 0, 
lim lim sup lim sup 



sup 

/ 



where the supremum over f is over functions f : Nn' such that (f,f) a* = 1. 

Lemma 5.3. For s, r > 0, we have fiAs,r ^ MAs,r+i, o-nd i'\^_r ^ ^^A^.r+i- 

Proof. The first estimate is [ini Lemma 4.4]. The second bound has a similar 
argument: Note VAs,r is the unique invariant measure for the Markov chain on 
^t.r = {V ■■ > l,E|x|<.^(a^) = r} generated by i^:"- 

Since g is increasing, we can couple two systems starting from configurations 
1]^ G ^A^^r ^iid ^ ^As,r+i ^^ch that 1]^ < if coordinatcwisc, so that the order- 
ing is preserved at later times. Hence, in the limit we obtain Yant^aotlt — '^As.r, 

limtioo 111 = ^A,,r+l, and VA,,r < J^A,,r+l- □ 

Recall the set A; = {-/, . . . , 3/ + 1}. 

Lemma 5.4. Let H : M_|_ — s> R+ be a positive, bounded, Lipschitz function which 
vanishes at infinity. Then, we have 



lim sup sup 



i7(V(0))-i/(V(2/ + l)) 



= 



Proof. The argument is in three parts. 

Step 1. Fix e > and consider (fc, /) such that fc/|Ai| < e. Add and subtract H{Q) in 
the absolute value. Then, the expectation is less than 2maxo<a;<2e \H{x) — iJ(0)| = 
0(e) given that H is Lipschitz. 

Step 2. Assume now that e < fc/|A;| < Bi. The proof is the same as in Lemma 6.6 
in [6] for this case. For the convenience of the reader, we give it here. By definition 
of vj^^ J,, the expectation appearing in the display of the lemma equals 

1 



E.. 



r7(0){iJ(77'(0))-i?(V(2? + l))} 



Since the measure is space homogeneous, the denominator is equal to pi^u = A:/|A/| 
which is bounded below by e. In the numerator, r?(0) can be replaced by ?7'(0). The 
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numerator is then 



{v'iO)-pLk}{Hi^\0))^H{r,\2l + l))} 



+ Pi,k El 



H{r,\Q))-H{r,\2l + l)) 



The second term vanishes because the measure /i^^ ^ is space homogeneous. The 
first term, as H is bounded, is absolutely dominated by 2||7? ||ioo£^^^^ ;,[h'(0) — 
Pi,k\ ]• By |7J Appendix II. 1 Corollary 1.4], this expression is less than or equal to 



CoE 



ri\{))-pi,k\ \ < Coa{pi^k)r'^^ 



for some constant Cq where cr(p) stands for the variance of ^(0) under p,p. Since 
e ^ Pi,k ^ Bi, a{pi^k) is bounded. Hence, this expression vanishes as I 'f oo. 

Step 3. Suppose now fc/|A(| > Bi. We shall prove that in this range both ex- 
pectations are small because H{x) vanishes as x t oo- Fix A > 0. Introducing 
the indicator of the set 77' (0) < A and replacing the Palm measure ^ by the 
homogeneous measure /i^ j,, we get that 

E JH{^\0))] < E jH{f^\0))lW{0)<A}] 



sup H{x) 

x>A 



E. 



Pl.k 



Jry(0)i7(r/(0))l{rA0)<A}] + sup if (x) 

' ' x>A 



because E'^^ ^ ['7(0)1 — Pi,k- In the last expectation, we may replace 77(0) by rj^O) 
which is bounded by A. We may also estimate i? by and bound below the 

density pi k by Bi. The previous expression is thus less than or equal to 



A\\H\\ 



Bi 



sup H{x) , 

x>A 



which can be made arbitrarily small if A is chosen large enough and then Bi. 

It remains to prove that the second expectation appearing in the statement of 
the lemma is small in this range of densities. Introducing the indicator of the set 
{rf(2l -I- 1) < A} we get that 

E [H{if{2l + l))\ < \\HU^:.^^,{r^\2l + l)<A} + sup (x) . 

' ' x>A 

Since the event {7?'(2/ + I) < A} is decreasing and k > i?i|A;|, by Lemma [5.41 we 
may bound the previous probability by i/^^ j^{ri'{2l + 1) < A}, where K — _Bi|A/|. 
At this point, by the same reasons argued above, we obtain that 

'\H\\l^ 



E,, 



,[W(2; + 1))] < 



Bi 



■E, 



y{0)lW{2l + l)<A}] 



sup H(x) 

x>A 



Note that V(0) < Bi\Ai\/{2l + 1) = 2Bi. Hence, by {Ij Corollary 1.4, Appendix 
2.1], the previous expectation is bounded by 

2\\H\\l^Pb,W{'21 + 1)<A} + ^ 

for some finite constant Cq. This expression vanishes as / t c)o by the law of large 
numbers provided Bi > A. This concludes the proof of the lemma. □ 
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5.1. Proof of Lemma 15.21 Fix B > AA. The proof is divided in three steps. 
Recall the notation developed in Step 5 of the proof of Lemma 15.11 
Step 1. The first integral in (15.51) can be rewritten as 

'^i^p,iU) ^^pA^^) j j /(^.C)VA-j(c^'?)MA+,fc(^C) , 

where the sum is performed over all indices j, k such that < j < A{21 + 1), A; > 0, 
B{21 + 1) < j + k < 0N,i := 2Ci(2Z + l)logA^, /Zp,,(m) = MpE.eA, vi^) = m) 
and /iy^± ^ is the canonical measure on the cube concentrated on configurations 
with m particles. 

Fix two integers j,k > such that B{21 + 1) < j + k < 9n,i- We claim that there 
exists a function Wn{1) such that Wn{1) = o{N) for fixed I and 

fivXr^^^-,idv)f^A^M) -{II /(^>C)MA-,('^^)A^A+fcK)|' 

< w^jv(o{^Ar(A^Ar^^>'/) + ^A+(MArj,fe,/)} , 

where /iA* j,fc represents the measure /x^- ^ /.t^+ j, and -D^± {nA*,j,k, f) is the Dirich- 
let form defined in (j5.3p with the canonical measure /iA'j,fc in place of the grand 

canonical measure fip' . 

To prove claim (|5.6p . recall W{l,j) is the inverse of the spectral gap of the 
generator of the zero range process in which j particles move on a cube of length 

21 + 1. By definition of W{l,j), for each configuration C, 

X — — 1 

Integrating with respect to fij^+ k(dC) '^6 get that 
^^^+.k(dC) J fiv,Cf fJ-A-.jidv) 

< J f^ArJdO { J f{v,C)^^A-Adv)y + w{i,j)D^-{fiA:,j,kJ) ■ 

Let 

MC) = J /(?7,C)MArj('^'?)- 

By definition of the spectral gap, 

MC)VA+,fcK) - { J h{OfiAr,M)y < w{i,k)D^^{fi^^ ,,h) . 

By Schwarz inequality 

^A+W+.fc''^) < £'A+(A*A-,i.fc,/) ■ 

This proves (j5.6p , applying the estimate on the spectral gap in Lemma 12.21 when g 
satisfies (B), or by assumption when g satisfies (SL). 
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Multiplying both sides of ()5.6p by ^Ji.p,i{j) IJ^pjik) and summing over j and k such 
that < j < A{21 + 1), fc > 0, B{21 + I) < j + k < 9n,i, we see that to prove the 
lemma it is enough to show that for every a > 



(5.7) 



vanishes as t ^ 4 0^ ' t oo- 
Step 2. To estimate ([E7)) . let 



Fij,k) ^ j y /(r7,C)A^A-,,(d77)A^A+,,(dC) ■ 

We now claim there exists Wn{1), where Wn{1) — o{N) for fixed I, and a finite 
constant Cq such that 

J2 f^pAj) f^pAk) [F{j + 1, fc - 1) - F{j, fc)]2 

^■'^ (5.8) 

where the sum is over all j and k such that j > 0, fc > 1, B{21 + 1) < j + k < d^j. 
To prove (|5.8p . note that since fi^- jidrj) is the canonical measure, 

F(j-+i,fc-i) - J MA+,fc^i(rfc) y /(^'O-^ E ^(^)ma-,,+i(^^^) ■ 

i-p Ar 



Changing variables rj' — rj ^t)x, the previous expression becomes 

iqry X! / A'A+,fc-i(^C) J f{v + '^xX)hi,Av{x))fi^- Adv) 



2/-. 

xeA, 



where 



2Z + 1 (y3(p)Mp,i(j) l+'7(2^) 
/l; 7(?7(X)) = y-^ ^ —r— 



Note that hi,j{'q{x)) has mean equal to 1 with respect to /i^- jidrj)- 
Changing variables (' = C + ^y: ttie previous integral becomes 

^Y)2 51 / ^A+,fc(^0 y" /('7 + 5j;,C -fa)^i,i(f7(a;))e;,fc(C(y))AtA-j(c^'7) , 



(2Z+ , 

y&K 



where 



ei.k[Q(y)) - 77 — TT — TT— 

/ip,;(fc-l) p 



has mean 1 with respect to f.. 
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This identity permits to write F{j + 1, fc — 1) — F{j, k) as the sum of two terms 
^1)2 E / /^A+,fe(rfC) / {f{V + 5., C - ^v) - fiV, C)} 



{2i + iy 

£ceAj 



■ hi,j{v{x)) ei^kiCiy)) f^A-jidv) (5-9) 
+ / A'A^feK) J fivX) 1 1)2 E [/ii,,(^(a:))ei,fc(C(y))-l]MAr,,(^'?) ■ 



xeA, 



Since (a + 6)^ < + 26^, [F{j + 1, fc - 1) - fc)]^ is bounded above by the sum 
of two terms. One term, corresponding to the last hne of ()5.9p . is equal to 



^{{f^j^j:^M^))^^Aay)))j\ (5.10) 

!/eA+ 

where {F; G)ij^k denotes the covariance of F and G with respect to j, /i^- j. 
Since 

we have that 

2l + lipip)fipj{j) l + r]{x) fip,i{k)g{C{y)) 



^ 21 + 1 l + rjjx) E,^-,^j9ivi'm 
We claim that under the measure ^, /i^- ^- , 

Ep^^jgiam 

for some finite constant Co depending only on ao, ai. This bound is simple to derive 
when when g fulfills assumption (B). On the other hand, under the assumptions 
(SL), since g is increasing, E^ _ [g{v{~^))] ^ 5(j + 1); ^nd since g{k)/k is 

A, .3 + 1 

decreasing, under the measure /x^- [1 + ri{x)]/g{l + r]{x)) is less than or equal 
to (j + l)/g{j + 1). This proves (|5.12p . This is the only place where we use that 
g{k)/k is decreasing in k in the condition (SL). 

Therefore, by Schwarz inequality, (|5.10p is bounded above by 



(/;/),,,, E 



E.^^JgiCivm 
,^+^.,l,[5(C(l))]^ 
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AT" ,fc ' 



for some finite constant Co- In view of (|5.1ip . the faet that g{m + 1) — g{m) < 02, 
which follows from assumption (B) or from assumption (SL2), and Lemma 15.31 

< E„, , [giC{y))]{a2+E^^^^^ Jg{ay))]} 

, JgiC{y))]{a2+E^^^ Jg{ay))]} . 

As g is increasing, by Lemma [531 E^^^ ^[g {({!))] < E^^^ ^[g {({!))]. Hence, 
since aol{r > 1} < g{r), and since ^ [1{C(1) > 1}] = E^ I [C(l)] = (2/ + l)-i, 
we have that 

ao 



2Z + 1 



aoi?^^^ J1{C(1) > 1}] < i?^^^ Jff(C(l))] . (5.13) 

It follows from this estimate and from the previous bound that (15.10p is less than 
or equal to 

^0/^ (/;/),,,,• 

Multiply this expression by Hp,i{j) ^pj(fc), recall the bound (15. 6p . and sum over 
j and k such that j > 0, fc > 1, B{21 + I) < j + k < 9^,1, to get that (ISlUl) is 
bounded by 

where Wn{1) = o{N) for fixed /. 

We now estimate the first term in the decomposition (15. 9p . By Schwarz inequality 
and by the bounds (15.12p . (15.13p . the square of this expression is less than or equal 
to 

Col'J2 J /^A+.fc('^0 / 5(C(y)){/(^ + 5.,C-5,)-/(7?,C)}VA-,,(rf'7) 

for some finite constant Co. The sum over j > 0, fc > 1 of this expression, when 
multiplied by ^pj{k)^pj{j), is bounded by 

Col'Yl J A'A+^pK) J giCiymfiv + ^.X - ^y) - fiv,OV t^A-Jdr^)- 

Changing variables C ~ C ^ ^yi adding and subtracting in the expression inside 
braces the terms /(r/ + c)_i, (), f{r], ( + Oi), we estimate the previous expression by 

Col'Doi^lA^,p,f) + CoI'{Dj,-{pa.,pJ) + i?^+(MA.,p,/)} 

for some constant Co- This proves claim (15. 8p . 

Step 3- In view of <\b-7\ and of (15. 8p , to prove the lemma it is enough to show that 
for every a > 

lim lim sup lim sup sup E{j, k)"^ fip_i{j) fip^i{k) 

- ae-^ Y.'^Fij + l,k ~1) - F{3,k)Y iipj{j) lipj{k)] = 0, 
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where the first sum is carried over all < j < A{21 + 1), fc > 0, B{21 + 1) < j + k < 
9n,i, the second sum is carried over all j > 0, fc > 1, B{21 + I) < j + k < 9n,i 
and where the supremum is carried over all functions _F : No x Nq — > M such that 

Ej,fe>o^(i'^)Vp,i(i)Mp,i(fc) = 1- 

The expression inside braces can be bounded by 

dN.i A{21+1) 

S(2i+1)-1 
1 \ ^ 



[G(j + i)-G(.?)]VAr3/(j)} > 



— as 

j=o 
where 

^lp,Kl[M) = 2^ fip^iij) Hpj{M ~ j) , HA*,Mij) = — ttttn : 

B(2/+l) 

^Af (F) = ^(^■' - J')'^^^ M ij) , ^Af (F) G(jf - Af - jf . 

i=o 

Note that we omitted the dependence on B of the variables /ip,A*(-A/), /iA',Af(j), 

Zm(F) and that Eo<j<i3(2/+i) G{j )^HA' mH) = 1- 

The expression inside braces in (j5.14l) can be interpreted in terms of a random 
walk on an interval of length B{21 + 1) where the total number of particles M 
becomes a parameter. In fact, the second term in braces corresponds to the Dirichlet 
form of a random walk on {0, • • • , B{21 + 1)} which jumps from j to j + 1, < j < 
5(2^ + 1 )-!, at rate 1 and from j + 1 to j at rate tmO' + I, j) = MA*,A/(j)/MA*,Af(j + 

1). By enD, 

We claim that this random walk has a spectral gap 

A;_B which depends on B and I but is uniform over M. (5.15) 

Assume first that g satisfies (B). In this case, by ()5.13p . the previous ratio is 
bounded above by aiOp ^(2Z + 1) and below by aoaj~^(2Z + 1)""'^. The jump rates 
are therefore bounded below and above by finite constants independent of A/, and 
claim ()5.15p follows easily. 

Assume now that g satisfies (SL). We claim that for I large enough, 

lim max ?'a/(7 + 1,7') = 0. (5.16) 

Af^ooO<j<S(2; + l)-l ' 

Indeed, by Lemma [Ol Ep,^_^ J.9(7?(l))] < g{B{2l + 1)). On the other hand, for 
every D < D'{21 + 1) < M - B{21 + 1) < M - j 

Ep,,^,,_\Av{m > E,^^^^Jg{v{l))lMl)>D}] 

> 5(Z?)MA+,D'(2i+i){^(l) ^ g{D){fiD'{vil)>D}~Co/l), 

where the last inequality follows from the equivalence of ensembles [Tj Appendix 2.1, 
Corollary 1.7] and Co is a finite constant. The right-side can be made arbitrarily 
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large since lini£)'-|-oo /iL>'{?7(l) > D} — 1 and ImiDtoo g{D) — oo. This proves claim 
(06l) . 

Fix Mo and / large enough so that ^mO' + I, j) < 1 for all < j < i3(2/-|-l)-l = 
Q, M > Mq. The stationary probabilities for the corresponding birth-death chain 
on the interval can be expressed as 



i + E?=i (n:;'o^M(. + i,.) 

where the empty product in the numerator is taken to be 1 when j — 0. We note 
by construction that ttj < T^j+i- We have the Poincare inequality: 

Var^(/) < Y.T:^^y{f{x)~f{y)f < 2Q ^ tt,^, ^(/(z) - /(z + l))^ 

x,y y>x z—x 

y-i Q-i 
< 2Q^7r,^^,(/(z)-/(z + l))2 < 2g2^7r,(/(z)-/(z + l))2 . 

y>x z—x z— 

Hence, for large M, the inverse of the spectral gap, Aj~^, is bounded by CqP for 
some constant Co depending only on B. For M < Mq, recalling (|5.12p . we may 
obtain a lower and an upper bound on + j) which depend only on uq, ai, 02, 
B, I and Mq- It is easy to show that in this case the inverse gap, X^g, is bounded 
by a constant which depends only on B, I and Mo. This concludes the proof of 
claim (|5.15l) . 

At this point, we may apply the Rayleigh bound [71 Theorem A3. 1.1] to estimate 
the expression in braces in (|5.14p . Let Vq = 1{0, . . . , A{21 + 1)} and let Vq = 

Vo-E^^, JVq] so that 

A{21+1) B(2/+l) 

E GOrMAr,A/(j) = E ^o(j)G(j)Va;,m(j)- 

Since ||Vo||l°° < 1, by the Rayleigh expansion and by the spectral gap, the display 
in braces in (|5.14p is bounded by 

A{21 + 1) 

The second term vanishes as e J, 0. To bound the first term, let aj = ^p,i{j)^j,pj{M — 
j) , < j < M . Since B > 2 A, the first term in the last formula is equal to 



As above in calculating vmU + l,i), since g is increasing and M > i3(2Z + 1), if 
R = A{21 + 1), , S ^ {B - 2A){21 + 1), by LemmaES 
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Since B > AA, by [71 Corollary 1.6; Appendix 2.1], for all large /, we have 

for some finite constant Cq. Hence, the expression appearing in the previous dis- 
played formula vanishes exponentially fast as ^ f oo. This concludes the proof of 
the lemma. □ 

5.2. Proof of Theorem 11.61 Given Lemmas [01 and the argument is similar 
to that in 0. Recall H{p) = E,^[h], Hi{tj) = i/(?/(0)), and Hi{p) = E^^[Hi]. 
Then, we have that 



< E 



N 



E 



N 



eN 

x=l 

eN 



E 



N 



{H{^l{0))-—Y^HUix))}ds 

X — 1 

eN 



As h and H are bounded, Lipschitz by Lemma 15.51 the first and second terms 
vanish by Lemmas 14.11 and 15.11 The third term is recast as 



E 



N 



ds 



where = e ^1{(0, e]}. It vanishes by Proposition 13. II as N t oo, and e J, 0. □ 

Lemma 5.5. Let /i : N — > R+ be a nonnegative, Lipschitz function for which there 
is a constant C such that kh{k) < Cg{k) for k >1. Then, H{p) = E^^[h{ri{0))] is 
also nonnegative, bounded and Lipschitz, and vanishes at infinity. 

Proof. It follows from the assumptions of the lemma that h is bounded, as g{k) < 
aifc, and that h vanishes at infinity. Hence, H, which is clearly positive, is also 
bounded. We claim that H vanishes at infinity since 



H{p) < sup h{x) 

x>A 



1 



-E, 



7/(0) h{ri{Q)) 1{77(0) <A} < sup h{x) 

-I x>A 



A\\h\U 



P 



To show H is Lipschitz, it is enough to show H' is absolutely bounded. Compute 

'^■<'" - <"<•'<»» - {7 + ^}<''<''<'""'<'">-..^ 

We first examine this expression for p large. The second term, by the assumption 
kh{k) < Cg(k), is bounded by C{(p{p)/p'^ + (p'{p)}. A coupling argument shows 
that ip'{p) < a if a is a Lipschitz constant of the function g. On the other hand, 
(f{p)/ p^ < a\l p because g(fc) < a\k. 

Since kh{k) < Cg{k) and since Efj,^ [givi^)) '7(0)] = ifiip) (1 + p), the first term is 
bounded by Ca(l + p)/p if a is a Lipschitz constant for g. This proves that H' is 
absolutely bounded for p large. 

It is also not difficult to see that H'{p) is bounded for p close to 0. □ 
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